We study the Toda equations in the continuous level, discrete level and ultradiscrete level in terms of elliptic and hyperelliptic σ and ψ functions of genera one and two. The ultradiscrete Toda equation appears as a discrete-valuation of recursion relations of ψ functions.
Introduction
Recently Kimijima and Tokihiro found solutions of the discrete and ultradiscrete Toda equations in terms of elliptic and hyperelliptic θ functions [17] . In this article we present another type of solution of another type of the discretization of the Toda equation [7] and its ultradiscretization [15] associated with algebraic curves of genera one and two.
Elliptic and hyperelliptic σ functions are related to nonlinear differential equations from the beginning [2, 10, 19] . We study the Toda equations at the continuous level, discrete level and ultradiscrete level in terms of σ functions and ψ functions of genera one and two. We show that these equations have solutions expressed in terms of σ and ψ functions. Here the ψ functions are defined by rational functions of the σ functions.
In [13] it was shown that the ψ functions can be related to discrete nonlinear equations, such as the discrete Painlevé equations. This article can be considered as one of a series in which relations between ψ functions and discrete nonlinear difference equations are unfolded.
Further, as was mentioned in [14] , the ultradiscrete sometimes can be regarded as a valuation of a related field. This article shows that, in the case of the Toda equation, it can be also realized as a discrete valuation of a function field over a Jacobi variety.
In Section 2 we concentrate on the genus one case and give concrete solutions. We investigate the genus two version in Section 3. It is shown that all solutions of the Toda equations in this study are connected with the addition formulae of the σ functions.
Genus One Case
In this Section we deal with an elliptic curve given by
where the b s are complex numbers.
Continuous Toda Equation
Firstly we give a ℘ function solution of the continuous Toda equation [16] . We treat the Weierstrass elliptic σ function associated with the curve C 1 , which is connected with the Weierstrass ℘ function by
A local parameter u in C 1 is given by
and ℘(u) is equal to x(u). Here ∞ is the infinity point of C 1 . The addition formula of the σ functions is given by
By differentiating the logarithm of (2.4) by u twice, we have
For a constant number u 0 , by letting u = nu 0 + t, v = u 0 and b := ℘(u 0 ), we have
Further by letting q n := log[℘((n + 1)u 0 + t) − b], we have
This is identified with the continuous Toda lattice equation. In fact, by letting q n = Q n − Q n−1 , Q n obeys the nonlinear differential equation of a nonlinear lattice [16] . It is clear that this elliptic solution comes from the addition formula (2.4). Later we show that a genus two solution of the Toda equation can be expressed by a similar form in §3-1.
Discrete Toda Equation and ψ Functions
Though there are several models of the discrete Toda equations, we concentrate on a model given in [7] . In this subsection we give elliptic solutions of the discrete Toda equation. The elliptic ψ function is given by
and, due to the addition formula (2.4), it satisfies the recursion relation [18] ,
Further ψ n can also be computed using the Brioches-Kiepert relation [3, 9] ,
Here derivatives of u are denoted by ′ and (n) . By noting
dx , the ψ function is a polynomial of x and y over the complex number C. In fact the ψ function can be explicitly obtained as,
For ψ n , n > 4, we have the recursion relations
(2.12)
Thus we know that
When n is odd, ψ n is a polynomial of x whose order is (n 2 − 1)/2 and, for an even n, the order of x for ψ n /y is (n 2 − 4)/2. For specific curves, we give explicit forms of ψ n in the Appendix.
We comment on the properties of ψ functions. We note that σ(u) is characterized by the property that it has no singularity with respect to u ∈ C and its zeros are identified with a lattice points generated by the periodicity 2ω of ℘(u), ℘(u + 2ω) = ℘(u). In other words the zero of σ is congruent to the origin of the local parameter u modulo the lattice. Accordingly, as ψ function is a function over the curve C, we conclude that a point satisfying
is a point for which nu is equal to the lattice point again. In other words we have n-cyclic points as zeros of ψ n . Conversely it can be shown that the polynomial of x and y whose zeros multiplied by n are lattice points must be ψ n modulo constant factors. Hence, if n is a factor of m, i.e., n|m, it is clear that ψ n is divided by ψ m ,
For mutually coprime numbers p, q and an integer n 0 , we introduce
By letting n ≡ n 0 + pi + qj we have
The components ψ n+1 ψ n−1 in both formulae give a relation, viz
Noting n ≡ n 0 + pi + qj (2.18) can be regarded as an evolution equation for i and j when we consider ψ q , ψ p and ψ q±1 as initial values. Let us assume that ψ q ψ p and ψ p±q are not equal to zero by choosing the parameter u. By letting δ := ψ q /ψ p and
For later convenience we do not fix c and define
Then we obtain
.
(2.21)
When c = 1, this equation is one of discrete versions of the Toda equation, which appeared in [7] . The condition c = 1 means that
which is an equation of (p 2 + q 2 − 2)-order with respect to x. In other words, for a point u satisfying (2.22), we have a solution of the discrete Toda equation in [7] in terms of ψ functions. Further we introduce U
We investigate this equation with general c and go on to call it the discrete Toda equation in this article. We note that this solution is due to the recursion relation (2.9) which comes from the addition formula (2.4).
Periodic Solutions of Discrete Toda Equation
For general c in (2.20) we consider a periodic solution of (2.23). It is obvious that, when ψ n = 0, ψ nr = 0. Thus there may exist a point, u 1 , such that
In fact we have solutions of (2.23) for a curve y 2 = x 2 (x + 1/4) and its point x = −1 (See the Appendix). The ψ function has values as in Table 1 . 
For (p, q) = (3, 2) and n 0 = 0, i.e., δ 2 = −3/4 and c(1 − δ 2 ) = 1/4, we have a periodic solution of (2.23). Table 2 :
For (p, q) = (2, 3) and n 0 = 0, i.e., δ 2 = −4/3 and c(1 − δ 2 ) = 1/3, another periodic solution of (2.23) is given in Table 3 . Table 3 :
Ultradiscrete Toda Equations
In this subsection we investigate the ultradiscrete version of the Toda equation using ψ functions.
For the elliptic curve C 1 a local parameter t should be characterized by for a generic point x 0 in C 1 , :
(2.25)
Let a localization of the commutative ring R = C[x, y]/(y 2 − f (x)) at u 0 be denoted by R u 0 . Let K u 0 be a field of Laurent transformations at u 0 of rational functions. The valuation of the field K u 0 is given that for f ∈ K u 0 , let val(f ) = ∞ if f = 0, if f is given by
for a = 0, let val(f ) = m [6] . Denoting set of integers by Z, the discrete valuation is known as a map val :
For example the inequality in (2.28) appears due to a case, k = m and a = −b for f = a(u − u 0 ) m + · · · and g = b(u − u 0 ) k + · · · with (a, b = 0). Inversely, as long as we avoid such a case, we can regard the second relation in (2.28) as an equality. R u 0 can be expressed as
is a unique maximal ideal in R u 0 and thus we have a filter structure,
Here the multiplication among ideals is given as a set of sum of multiplications of elements in the ideals. Due to the filter structure there naturally appears a nonarchimedean distance given by |f − g| val := exp(−val(f − g)).
(2.31)
Thus an element f in m is a smaller element than unity, i.e., |f | val < 1. When δ behaves like a small parameter [7] , we regard it as an element of m, i.e.,
We now consider the point satisfying 
This is identified with the ultradiscrete Toda equation in [15] .
Let us consider solutions of the ultradiscrete Toda equation (2.35). By letting g n := val(ψ n ),
(2.36)
For the curve y 2 = x 3 + 1/4, and u 0 at x(u 0 ) = (−1/4) 1/3 , we have g i as in Table 4 : Table 4 : g n at y = 0 Table 5 :
Next we deal with a curve y 2 = x 3 − x and a point u 0 (x = 0). The values of g i are given in Table 6 . Table 7 . 
Genus Two Case
In this section we investigate genus two solutions of the Toda equations using the hyperelliptic σ functions and ψ functions. The hyperelliptic σ function was defined by Klein after the prototype had been discovered by Weierstrass [1, 10, 19] . Let us fix a hyperelliptic curve with genus two,
where λ i , i = 0, 1, · · · , 4 are complex numbers. For a point in the symmetric product space of the curve C 2 , ((x 1 , y 1 ), (x 2 , y 2 )) ∈ Sym 2 C 2 , its corresponding point u ≡ (u 1 , u 2 ) in the Jacobi variety J 2 is given by
Here ∞ means the infinity point of the curve C 2 . At the point, ℘ functions of genus two are defined as
where f (x, z) := 2 j=0 x j z j (λ 2j+1 (x+z)+2λ 2j ). It is known that there is a global function over C 2 such that
which is the σ function of genus two.
Continuous Toda Equation
Though there were found solutions of the continuous Toda equation in terms of the θ function related to a hyperelliptic curve of genus g in [5] , in this article we give another type of expression of solutions in terms of σ functions related to a curve with genus two.
The additive formula of σ function of genus two is given by [2] ,
By letting
we have
Let us fix u = nu 0 + t, v = u 0 , constant numbers b ij := ℘ ij (u 0 ) and
Then we have a relation,
By considering the relations (3.3) we let u 0 correspond to a point ((x 1 ,ȳ 1 ), (x 2 ,ȳ 2 )) ∈ Sym 2 C 2 and then have
If the points are mutually conjugate or identical, i.e.,x 1 ≡x 2 ,
Hence for t := t 1 + t 2 /x 1 , q n := log Q(nc + t, c), (3.12) obeys the continuous Toda equation,
As we showed in the genus one case, this genus two solution also comes from the addition formula (3.5).
Discrete Toda Equation
We give relations between the discrete Toda equation and ψ functions of genus two as follows. Generalizations of the ψ function in (2.8) to genus two curves are given by two different definitions; one is defined over the Jacobi variety J 2 and another is defined over the curve C 2 . The former is studied by Kanayama [8] and the latter is investigated by Grant, Cantor,Ônishi and this author (see the references in [13] ). The definition by Kanayama is [8] 
Further he showed that ψ n obeys the same recursion relation as (2.9), viz 15) basically using the the addition formula (3.5). Hence ψ k obeys a relation which has the same form as (2.12). Kanayama gave the explicit forms of ψ 1 , ψ 2 , ψ 3 and ψ 4 in terms of ℘ functions (3.3) in [8] . We can compute an explicit form of any ψ n as a rational function of the affine coordinates (x 1 , y 2 ) and (x 2 , y 2 ) of the curves Sym 2 C 2 even though it is too large to give its explicit form here.
Due to its form, it is obvious that (3.15) is also related to the discrete Toda equation. For mutually prime integers p, q and an integer n 0 , we define quantities,
Hence we have a solution of the discrete Toda equation (2.21) in [7] as shown in Section 2.2. As a simple Abel variety has a division field as its endomorphism in the category of the Abel variety as it is known as Poincaré's complete reducibility theorem [11] . Hence, even though the Jacobi variety J 2 is two-dimensional, an isometry ϕ : J 2 → J 2 is characterized by an integer. The zeros of ψ n belonging to Z/nZ determine the isometry. Thus, as long as we deal with isometries of Jacobi variety, an extension of the ψ n functions to functions with double-index must fail. It implies that (3.16) is a natural in the sense of a realization of the discrete equation in category of the Abel variety.
Ultradiscrete Toda Equation
We consider the Jacobi variety J 2 as a commutative ring and its localization ring R u 0 and/or a field K u 0 related to R u 0 . Similar to the case of genus one, we deal with a point of curve satisfying
By letting 19) and being supposed that for all of i and j, the valuations of the additions of f s expressed by the minimal functions like the equality case in the second relation of (2.28), we find a solution of the ultradiscrete Toda equation in [15] ,
Even though the case of genus one gives us trivial solutions, genus two case is expected to provide us nontrivial solutions because it has larger degree of freedom than the elliptic curve case.
Discussion
In this article we have considered the relations between the Toda equations in the continuous, discrete and ultradiscrete levels and σ functions of genera one and two. We showed that these solutions, in principle, come from the addition formulae of the algebraic functions over algebraic curves of genera one and two. As we started from the curves, all of the solutions are expressed by points at curves (2.1) and (3.1). As we gave some explicit solutions related to elliptic curves, we can basically find explicit forms of the other solutions in terms of points of the curves even of genus two, though they might be slightly complicated. As a next step, we should give more explicit computations of the ψ functions on the genus two case by finding a nicer strategy to handle the huge polynomials. However, it is remarkable that in our solutions, there do not appear excess parameters except the coefficients λ i , i = 0, 1, · · · , 4 in (2.1) and (3.1). In other words we have no ambiguity for the parameters even in genus two case and it means that we are free from the so-called Schottky problem. This contrasts with the solutions in terms of the θ functions over the Jacobi variety [5, 17] . Of course as it might be difficult to deal with the hyperelliptic integrals, thus we should select the methods according to the circumstances.
Further it is interesting that the ultradiscrete equations can be defined on the Jacobi varieties associated with nondegenerate algebraic curves over a field with character zero using the concept of discrete valuation. (In [14] we show that the ultradiscrete equations can be defined over fields with nonvanishing character.) It means that, if we find a recursion relation over an algebraic variety, we might have its ultradiscrete version by taking its discrete valuation.
Finally we comment on the higher genus case. Unfortunately since the addition formula is not simple [1, 4] , we could not deal with σ functions associated with a curve with a higher genus as mentioned above. We hope that we can obtain such solutions in future. We note that the paper [4] may have some effects on the study. 
